Abstract. Hanoi graphs are the state graphs for Tower of Hanoi problems with three or more pegs. We prove hamiltonicity and present a complete analysis of planarity of these graphs.
Obviously, Hanoi graphs have been employed to visualize and analyze tasks in the Tower of Hanoi puzzle, the classical one being to find a shortest path from one perfect state to another. For m = 0, the length of this path, 2" -1, is also the diameter of H~. But while H~, is still simple and (2 + m)-connected for m >_ 1, its diameter, apart from some trivial cases, is not known, and it is even not clear, if it is assumed by the distance of two distinct perfect states! Among the many nice results about the graphs H~', let us mention their isomorphy to Sierpifiski triangles and (finite cuts of) Pascal's arithmetical triangle (cf. [4, 10] ). This has been used to determine the average distance of two points on the Sierpifiski gasket (cf. [6] ) by starting from the corresponding value on H~', namely
(cf. [3, Proposition 7] ), rescaling, i.e. dividing by the diameter 2 ~-1, and letting n tend to infinity. Another interesting result is that the graphs H~' support perfect error-correcting codes (cf. [2] ).
As mentioned before, very little is known about the general case of H,~. Let us start by proving hamiltonicity. On the Planarity of Hanoi Graphs 265 i) By induction on n • N we show that there is a hamiltonian path starting and ending in distinct perfect states. This is trivial for n = 1. Now let disc n + 1 move stepwise from peg 0 to 1 and so on to 2 + m, say. Before each such step, a hamiltonian path in H~ can be performed to transfer the tower consisting of the n smaller discs to a peg allowing disc n + 1 to move. Finally, after the last move of disc n+ 1, the n-tower has to be transferred to peg 2 + m, again on a hamiltonian path through H,~.
ii) A hamiltonian circuit on H~ +1, n E No, can now be constructed by starting in state (1,... ,1,0) • V~ +1, say, and transferring the tower of n smaller discs on hamiltonian paths according to (i) in a cyclic fashion from peg to peg, each complete transfer being followed by a single move of disc n + 1 to the next peg in the same direction.
[] Obviously, the number of vertices in H~ is IV,~I = (3 + m) n and, less obviously, the number of edges is lEVI = (3 + m)(24 + m) (
where this result has been used to obtain some combinatorial identities). A notorious open question is to find the minimum number of moves in the classical Tower of Hanoi problem,
i.e. perfect to perfect, for more than three pegs. For instance, in the case m = 1, this has been resolved so far only for n < 17 by an exhaustive inspection of the corresponding graphs with the aid of a computer (cf. [1] ). It would therefore be desirable to have more, both qualitative and quantitative, information on Hanoi graphs. From some graphical representations by A. Rukhin [11] , we were inspired to settle the question of planarity.
Planarity
The main result of this note is the following.
Theorem 2. The only planar Hanoi graphs are H°m, H~, Hll and H 2 (m, n • No).
Proof. The case of//o is trivial.
Planarity of H~ is shown by proving the following statement by induction on n C N:
Hg can be represented by a plane graph, the infinite face (cf. [13, p. 65 ]) of which is the complement of an equilateral triangle (of side length 2" -1, say) whose corners are the perfect states. This is obvious for n = 1. Assume that the statement has been proved for n > 1. Now take three copies of these plane graphs isomorphic to Hg, one for each different position of disc n + 1. Then they can be arranged and joined by three new edges in the plane in an appropriate way to form the desired plane graph which is isomorphic to H~ +1. The example in Figure 1 shows how to get from n = 1 to n = 2 and from n = 2 ton=3. We now show that//13 is not planar. This will complete the proof, since all HI' with n > 3 contain (an isomorphic copy of) //13 as a subgraph and every H~ with m > 1 and n > 0 contains some H 1 as a subgraph (in any regular state, the smallest disc can choose among at least five pegs), which is isomorphic to the non-planar K~ (cf. [13, Theorem 12A]). By Kuratowski's Theorem (cf. [13, Theorem 128]), we can use the same kind of argument to prove non-planarity of//13 by devising a subgraph which is homeomorphic to/(5 or K3,3. However, we want to present two alternative and more elegant arguments.
Assume that we have a plane representation of/-/13, consisting of four copies of H~ (one for each position of disc 3) which are interconnected by altogether 24 extra edges, as can be seen by a combinatorial analysis or by recourse to the above formula for the numbers of edges ]E~[ --36 and [E~[ ---168. The faces of H 2 cannot have more than four vertices each, as can be seen by isomorphy to the graph depicted in Figure 2 . In particular, the infinite face has either three or four vertices. In the former case, these three vertices have at least degree 3 in H~ and since there are 12 edges going out from /-/12 (moves of disc 3), at least one of the vertices gets another 4 degrees. However, all vertices in H~ have degrees strictly less than 7. (In any state of the Tower of Hanoi with four pegs, disc 1 can move to exactly three different goals, disc 2 to at most two, whereas disc 3 can move to two different goals only if disc 2 can not move at all.) Similarly, if the infinite face of one of the copies of/-/12 has four vertices, then another look at Figure 2 reveals that they all have degree 5 in H i and at least one of them has to get at least three more edges incident to it, again leading to a degree of more than 6.
Another alternative for the disproof of planarity of H i can be based on Euler's formula for plane graphs. By inspection of Figure 2 one realizes that each face of/-/12 has either two or three (adjacent) vertices (if at all) allowing the largest disc to move. By dismissing the other vertices, we arrive at a subgraph of H~ consisting of l E {0, 1, 2, 3, 4} copies of/(2 and 4 -l copies of/(3 which are interconnected by 24 edges. That is, for this graph, the number of vertices is v = 21 + 3(4 -l) = 12 -l, and the number of edges is e=1+3(4-I)+24=36-2l.
But then3v-6=30-31<36-21=e, such that this graph, and consequently H~, cannot be planar by [13, Corollary 13D] .
[] For those Hanoi graphs which are not planar, an interesting problem is to find out their genera (cf. 
